In this paper we investigate generalized derivations satisfying certain differential identities on Jordan ideals of rings with involution and discuss related results. Moreover, we provide examples to show that the assumed restriction cannot be relaxed.
Introduction
Throughout this paper, R will represent an associative ring with center Z(R). Recall that R is 2-torsion free if 2x = 0 yields x = 0. The ring R is prime if aRb = 0 implies a = 0 or b = 0. An additive map * : R −→ R is an involution if (xy) * = y * x * and (x * ) * = x for all x, y ∈ R. If R admits an involution * , then R is * -prime if aRb = aRb * = 0 forces a = 0 or b = 0. It is straightforward to check that a * -prime ring is necessarily semiprime, that is xRx = 0 forces x = 0. Furthermore, every prime ring having an involution * is * -prime, but the converse need not be true in general. For example, if R o denotes the opposite ring of a prime ring R, then R × R o equipped with the exchange involution * ex, defined by * ex(x, y) = (y, x), is * ex-prime but not prime. This example shows that every prime ring can be injected in a * -prime ring and from this point of view * -prime rings constitute a more general class of prime rings. In all that follows Sa * (R) = {x ∈ R : x * = ±x} will denote the set of symmetric and skew-symmetric elements of R. We will write for all [2] and [8] ). Recently many authors have studied commutativity of prime and semiprime rings admitting suitably constrained additive mappings, as automorphisms, derivations, skew derivations and generalized derivations acting on appropriate subsets of the rings. Moreover, many of obtained results extend other ones proven previously just for the action of the considered mapping on the whole ring. In this paper we continue the line of investigation regarding the study of commutativity for rings with involution satisfying certain differential identities involving generalized derivations acting on Jordan ideals.
Differential commutator identities
In 2002 Rehman [9] established that if a 2-torsion free prime ring admits a general- Quadri et al. [8] , without 2-torsion freeness hypothesis, proved that a prime ring must be commutative if it admits a generalized derivation F , associated with a nonzero deriva-
for all x, y in a nonzero ideal I. Motivated by the above results, in this section we explore the commutativity of a * -prime ring R in which the generalized derivation F satisfies similar identities on a * -Jordan ideal. We shall conclude this section with an application of our results which extend results of [8] and [9] to Jordan ideals with the additional assumption that the ring R be 2-torsion free. We begin with the following known results which will be used extensively to prove our theorems. In view of semi-primeness of R, equation (2.4) assures that y ∈ Z(R) and thus y = 0. Accordingly
In particular, 
Differential anticommutator identities
It is natural to ask what can we say about the commutativity of R if the commutator in the preceding section is replaced by anticommutator. In this section, we have investigated this problem and proved that the commutativity cannot be characterized by the same conditions on anticommutator.
5.
Theorem. Let R be a 2-torsion free * -prime ring and J be a nonzero * -Jordan ideal of R. If R admits a generalized derivation F associated with a derivation d such that F (x • y) = x • y for all x, y ∈ J, then d = 0 and F is the identity map.
Proof. Assume that Replacing y by 4yx 2 in (3.1) we find that As 0 = u * ∈ J ∩ Z(R), a similar reasoning as above yields We claim that u 2 = 0. For contradiction assume that u 2 = 0, then uRu = 0. Since R is semiprime u = 0. This is a contradiction. Thus u 2 = 0. Reasoning as in proof of Theorem 5, we can prove the following. for al A, B ∈ R. Hence in theorems 1, 3, 5, 7 the * -primeness hypothesis is crucial.
